A generalized scheme for the construction of coherent states in the context of position-dependent effective mass systems has been presented. This formalism is based on the ladder operators and associated algebra of the system which are obtained using the concepts of supersymmetric quantum mechanics and the property of shape invariance. In order to exemplify the general results and to analyzed the properties of the coherent states, several examples have been considered.
I. INTRODUCTION
Coherent states were initially introduced by Schrödinger in 1926 [1] in the context of classicalquantum correspondence of dynamical systems. After a dormant period of more than three decades, these states were re-casted in 1963 by Glauber in the quantum mechanical description of coherent electromagnetic field [2] . Due to their special properties, coherent states became indispensable to many research fields, such as, quantum optics [3] , quantum information [4] and quantum computation [5] . In particular their ability to get entangled in various optical systems arose them as to become a key resource in many modern technologies, such as, quantum meterology [6] , quantum teleportation [7, 8] , and various quantum gates [5, 9] .
Motivated by their usefulness and abandon applications in a large variety of disciplines [10] , various generalization schemes have been introduced [11, 12] and the coherent states have been constructed for a large class of physical systems [12, 13] . The generalized coherent states for the systems possessing non-linear energy spectrum may take the potential to describe the non-linear quantum optics and can be useful in related technologies [15] . Moreover, such constructions take the promise to converge various research areas to motivate new interdisciplinary research, for instance, most recently coherent states have been used in string theory [16] , squeezed states in non-commutative spaces [17] and their entanglement generation by means of beam splitters [18] .
In this article generalized coherent states have been discussed in the context of position-dependent effective mass (PDEM) systems. PDEM systems are of great interest due to vast applications in various areas of physics [19] [20] [21] [22] [23] [24] [25] [26] . The quantum mechanical description of such systems becomes challenging due to the existence of position dependence in the kinetic energy term. PDEM systems have been discussed extensively in the contexts of finding their solutions [23] , ladder operators and associated algebras [24] , constructing the coherent states [25] .
Most recently, a generalized scheme for constructing the ladder operator for PDEM systems have been introduced [24] . In present work, we will use these ladder operators to construct the coherent states for PDEM systems. The general formalism has been applied to different quantum systems with spatially varying mass. Various properties of the coherent states for these systems has been discussed. We close our work by some concluding remarks.
II. LADDER OPERATORS FOR PDEM SYSTEMS
The classical dynamics of a PDEM system is governed by a Hamiltonian,
which can be quantized by considering the symmetric ordering of the operators concerning momentum and spatially varying mass [19, 22, [24] [25] [26] aŝ
where α represents the parameter that specify spaceindependent properties of the potential, such as range, strength and diffuseness. In order to obtain the corresponding ladder operators for the underlying system, we factorize the Hamiltonian given in Eq. (2), aŝ
where E 0 is the ground-state energy of the Hamiltonian H andÂ(α),Â † (α) represent a pair of operatorŝ
where W (x, α) denotes the super-potential depending on the parameter α [24, 27, 28] . However, it is important to note that these operators can not be treated as the ladder operators since their commutator [Â(α),Â † (α)], depends on the position variable "x" [24] . In order to overcome this difficulty we need to introduce new operators whose commutator is independent of any dynamical variables. An integrability condition known as shape invariance (SI) [24, [26] [27] [28] [29] plays a vital role in this regard. The SI condition in terms of the operators, defined in Eq. (3), is given aŝ
where α 1 = α, α 2 = α 1 + η, and R(α 1 ) is the remainder term independent of the dynamical variables. This reparametrization of parameter α 1 is achieved by means of a similarity transformation,
whereT (α 1 ) is a translation operator defined aŝ
such thatT (α 1 )T −1 (α 1 ) = 1. By means of the translation operator (6) and the operators (3), we introduce a pair of new operatorŝ
so that the integrability condition (4), together with the similarity transformation introduced in Eq. (5), takes the form
which resembles the well known Heisenberg Weyl algebra and this suggests us to considerL ± (α 1 ) as the appropriate ladder operators [24] . These ladder operators satisfy the relation R(α n )L + (α 1 ) =L + (α 1 )R(α n−1 ), which provide us with the eigenvalues ofĤ given in (2), as
In order to obtain the normalized eigenstates ofĤ, we see that the ladder operators act on the eigenstates |ϕ n (α 1 ) , of the given system aŝ
As a result the normalized eigenstates ofĤ are given as
where ρ n is the generalized factorial defined as
III. GENERALIZED COHERENT STATES
As mentioned before, the ladder operators provides a strong base for the construction of algebraic dependent coherent states. Earlier, this kind of states have been constructed for the constant mass systems [2, 29] . Our aim is to generalize this notion to incorporate the spatial dependence of mass. Assume that the systems under consideration have infinite bound states. Following the usual way of constructing coherent states for any quantum mechanical system, we define coherent states |z as eigenstates of the lowering operatorL − , introduced in Eq. (7), asL
where "z" is a complex parameter. In order to derive an explicit expression for these coherent states, we express |z as a superposition of the eigenstates |ϕ n of the system under consideration as
Using the above relation in Eq. (13), we get
which on simplification provides us with the following equation
where c 0 is a constant that needs to be determined and ρ n is the generalized factorial introduced in Eq. (12) . Finally, Eq. (14) can be rewritten as
The unknown c 0 can be determined by using the normalization condition z|z = 1, as
Thus, the final form of the generalized coherent states for a quantum mechanical system with PDEM is given as
Note that the normalized coherent states defined above, satisfy the requirement of continuity of labeling as required for the coherent states [30] , since the transformation of coherent state parameters z → z ′ leads to the transformation of the states |z → |z ′ . Another important observation about these states is that although the states |z are normalized but they are not orthogonal to each other since
We now investigate the overcompleteness property of the generalized coherent states for the shape invariant potentials with PDEM. This property is commonly known as resolution of unity. For this we assume that there exist a positive and unique weight function w(|z| 2 ), such that
where dµ = d 2 z w(|z| 2 )/π. Our aim is to determine this weight function. For this we use Eq. (19) in the above equation and introduce the change of variables,
The angular integral leads to 2π 0 e i(n−m)θ dθ = 2πδ n,m , so that our task of finding the weight function w(|z| 2 ), reduces to finding the solution of the radial integral equation
ρn N (r 2 ) |ϕ n ϕ n | = 1, which on introducing the change of variable r 2 = ξ, takes the form,
where we have usedw(ξ) = w(ξ)/N (ξ). Note that (21) , is an inverse moment problem which can be solved by using well known Mellin transforms [31] or by making use of the Meijer's G-function [32] . We can also determine the correct form of the weight function w(|z| 2 ), by using Fourier transform technique.
The radius of convergence for the coherent state |z , is defined as
This is important in the sense that any coherent state can only exist if the radius of convergence of that state is non-zero. The statistical features of any coherent state can be characterized by the probability distribution which is formally given as
The mean and variance, which are used to characterize the weighting distribution of coherent states, can be calculated by using the first and second moments of the probability distribution. Mean corresponds to the first moment and is obtained as
The second moments of the probability distribution is given as
so that the variance can be determined by the following relation
The nature of weighting distribution of coherent states can be characterized by means of the Mandel's parameter [3, 33] which is defined as
The weighting distribution is Poissonian in nature if Q = 0, sub-Poissonian if Q < 0 and super-Poissonian for positive values of Q.
IV. EXAMPLES
In order to exemplify the general formalism presented in the previous section, we consider few PDEM systems with shape-invariant potentials. One case is presented in detail while for the sake of brevity we present main results for the remaining cases.
Example 1: Let us first consider a non-linear oscillator with potential V (x) = m(x)α 2 x 2 /2, where m(x) = (1+λx 2 ) −1 and λ is the non-linearity parameter. It is important to note that λ can be positive as well as negative. However, for negative values of λ, there exists a singularity for the given mass function and associated dynamics, at 1 − |λ|x 2 = 0. Therefore, for λ < 0, our analysis is restricted to the interior of the interval x 2 ≤ 1/|λ| [26] . By using the symmetric ordering of m(x) andp in the equivalent kinetic energy operator [19, 22, 25, 26] , the quantized Hamiltonian is given aŝ
where we have made use of the dimensionless variables ζ = √ αx andλ = λ/α. It is important to note that for positive values ofλ, we get a finite energy spectrum. However, forλ < 0, we haveλ = − |λ | and the energy spectrum is unbounded. In this case there exists an infinite but countable eigenfunctions and for the upcoming analysis we shall consider this choice. Hence, for the present case, the eigenvalues, defined in (9), are given as
where λ ′ =|λ | /2. In this case the relations (10), satisfied by the ladder operators are given aŝ
L + |ϕ n = (n + 1) + λ ′ (n + 1)(n + 2) |ϕ n+1 .
With the help of these ladder operators, the eigenenergies and the corresponding eigenstates of the system under consideration, are respectively given as
where
In order to define the coherent states of the non-linear oscillator with PDEM as the eigenstates of the lowering operator, we consider Eq. (19) , which on using Eq. (32), becomes
where N (|z|
Note that the coherent states defined in Eq. (33), satisfies the Klauder's minimal set of conditions that are required for any coherent state [30] . The overlap of two coherent states for the non-linear oscillator is given as
from which it follows that the coherent states for the nonlinear oscillator with PDEM are not orthogonal. The continuity in the label z follows immediately because of the fact that
We now investigate the over-completeness of the coherent states defined in Eq. (33) . We look for a positive and unique weight function w(|z| 2 ), such that Eq. (20) is satisfied. Substituting (33) in (20) and introducing the variables z = re iθ and |z| 2 = ξ, we finally arrive at
wherew(ξ) = w(ξ)/N (ξ). The weight function can be determined by using inverse Mellin transform. By using the Mellin transform of the Meijer's G-function [32] , the required weight function w(ξ), can be obtained as
which satisfies the integral equation (35). By using (22) , the radius of convergence for the non-linear oscillator with PDEM is given as
This shows that the coherent states for the non-linear oscillator with PDEM are defined on the whole complex plane. Now we examine statistical properties of the non-linear oscillator with spatially varying mass. The probability distribution of the non-linear oscillator with PDEM for the generalized coherent states turns out to be
which is plotted, in Fig. (1) . It is clear from the figure that the distribution for the non-linear oscillator with PDEM is narrower than the weighting distribution for the linear Harmonic oscillator which clearly indicates the sub-Poissonian nature of the distribution. Note that for the harmonic limit as the non-linearity parameter λ ′ approaches to zero the sub-Poissonian nature of the distribution tends to Poissonian one.
The first moment of the weighting distribution of coherent states, which corresponds to the mean is calculated as
and the second moments of the probability distribution is given as
so that the variance of the generalized coherent states comes out to be 
The Mandel's parameter defined in Eq. (27) , is given as
This clearly indicates the sub-Poissonian nature of the weighting distribution. Example 2: Let us now consider a harmonic potential V (x) = m(x)α 2 x 2 /2, with mass profile m(x) = (1 − (λx)
2 ) −1 . The mass profile encounters a singularity for both positive and negative values of λ and our study of dynamics is restricted to the interior of the interval x 2 ≤ 1/λ 2 [26] . For the present case, the energy spectrum is given as
where ̺ = x √ 2α and υ = λ/ √ 2α, are the dimensionless variables. The ladder operatorsL ± , satisfy the following relationŝ
By means of the ladder operators, the normalized eigenstates of the underlying system can be obtained as
For this particular system the coherent states takes the form
. One can easily verify that these coherent states satisfy the Klauder's minimal set of conditions that are required for any coherent state [30] . Example 3: Let us now consider the potential of the form
For the present case, the ladder operators satisfy the following relations
The energy spectrum and the corresponding eigenstates in this case turn out to be
respectively. By using the above information in Eq. (19), we get the coherent states for the system under consideration as
is the normalization constant. One can easily show that these states satisfies the Klauder's minimal set of conditions that are required for any coherent state [30] . For the sake of brevity we just compute the resolution of identity. As suggested in Eq. (20) , our aim is to determine a positive and unique weight function w(|z| 2 ). For the present case, the required weight function w(ζ) = µ −2 . The radius of convergence for the pertaining system is given as R = lim n→∞ (n!µ 2n ) 1 n = ∞, which shows that the coherent states for the present case are defined on the entire complex plane.
The weighting distribution (23) , in this case turns out to be
The mean and variance of the weighting distribution are given by n = |z| µ 2 and (∆n)
Since mean and variance are equal in this case, therefore, it clearly indicates the Poissonian nature of the distribution. Moreover, by making use of Eqs. (48) in Eq. (27), we get Q = 0, which is property of the standard harmonic oscillator.
V. SUMMARY AND CONCLUSIONS
A general scheme for constructing coherent states, in the context of position-dependent effective mass systems, have been discussed by means of the ladder operators and associated algebra of the system. An integrability condition , namely translational shape-invariance, has been used to find the ladder operators, energy spectrum and associated algebra for the position-dependent effective mass systems. For the constructed coherent states various properties have been analyzed. In order to illustrate the general formalism, we considered several shape-invariant potentials with position-dependent effective mass. The work is entirely interdisciplinary which may lead to various research areas, such as, condensed matter physics, quantum optics and quantum information theory to initiate new directions of research.
